An approximate ground state of the Anderson-Friedel impurity problem is presented in a very compact form. It requires solely the optimization of two localized electron states and consists of four Slater states ͑Slater determinants͒. The resulting singlet ground-state energy lies far below the Anderson mean-field solution and agrees well with the numerical results by Gunnarsson and Schönhammer, who used an extensive 1 / N f expansion for a spin-1 2 impurity with double occupancy of the impurity level.
I. INTRODUCTION
The formation of magnetic impurities in a metal and their properties is a fascinating field in solid state physics. Although some of the experimental anomalies were already discovered in the 1930s by de Haas et al. 1 it is still a subject of great interest. The work of Friedel 2 and Anderson 3 ͑FA͒ laid the foundation in the investigation of the "magnetic impurity problem." They considered a host with an s band in which a transition metal atom is dissolved. The s electrons can hop onto the d impurity via the hopping matrix element V sd . The tenfold degeneracy of a real d impurity is simplified and reduced to a twofold degeneracy for spin-up and spindown. If both states are occupied they repel each other due to the Coulomb exchange energy U. This yields the Kondo 4 showed that multiple scattering of conduction electrons by a magnetic impurity yields a divergent contribution to the resistance in perturbation theory. Kondo's paper stimulated a large body of theoretical and experimental work which changed our understanding of d and f impurities completely ͑see, for example, Refs. 5-16͒. A large number of sophisticated methods were applied in the following three decades to better understand and solve the Kondo and Friedel-Anderson problem. In particular, it was shown that at zero temperature the Friedel-Anderson impurity is in a nonmagnetic state. To name a few of these methods: scaling, 17 renormalization 8, [18] [19] [20] Fermi-liquid theory, 21, 14 slave-bosons ͑see, for example, Ref. 22͒, large-spin limit, 23, 15 and the Bethe ansatz.
11, 24 After decades of research exact solutions of the Kondo and Friedel-Anderson problems were derived 11, 12 representing a magnificent theoretical achievement. The exact solution does not solve all questions. It uses an s-electron band with a linear dispersion relation, extending from minus infinity to plus infinity and a constant density of states ͑the cutoff is only performed at the end of the calculation͒. Furthermore it is such a complex solution that only a limited number of parameters can be calculated and many noncritical or nondivergent contributions are neglected. For the majority of practical problems one uses approximate solutions. One particularly popular method is the large-spin method which will be discussed below.
While the single-impurity problem is intensively studied and well understood the many-impurity problem and the periodic Anderson problem are still in a rather incomplete state. 25 Any simplified treatment of the single impurity may provide a new tool to improve the treatment of the latter.
Above the Kondo temperature and for sufficient large U the Friedel-Anderson impurity shows a magnetic moment. There is a large body of research in which the magnetic moment of impurities is calculated. [26] [27] [28] [29] [30] Generally spindensity-functional theory is used for this task. Within this theory the electronic structure of the host and the impurity is calculated from first principles without any adjustable parameters. However, in the final step the mean-field method is applied to obtain the local magnetic moment. Although this is a zero-temperature calculation ͑where the impurity should be in the Kondo singlet state͒ it is generally argued that such a calculation yields the magnetic moment above the Kondo temperature ͑which, at lower temperatures, is hidden in the singlet state͒.
In a recent paper, Bergmann 31 introduced an approach called the AFR approach ͑AFR for artificial Friedel resonance͒ to treat the magnetic state. The calculation showed that the mean-field result for the magnetic moment of impurities is not reliable. By rewriting the mean-field ground state in a rotated basis and optimization one obtains a solution which is much lower in energy, requires a much larger critical U for the formation of a moment and yields smaller magnetic moments. And this despite the fact that the improved solution has the same structure as the mean-field solution. Since there is a large body of spin-density-functional theory calculations for magnetic impurities, a reevaluation of this method might be required. This paper extends the AFR method to treat the singlet state ground state of the Friedel-Anderson problem. In Sec.
II the AFR method is briefly described. In Sec. III the singlet state of the Friedel-Anderson model is derived. In Sec. IV the results are discussed. In the Appendix some details of the calculation are summarized.
II. ARTIFICIAL FRIEDEL RESONANCE STATE
If one sets in Eq. ͑1͒ the Coulomb exchange interaction equal to U = 0 then one obtains for spin-up and spin-down electrons the Friedel Hamiltonian. For an s band with a finite number N of states and an occupation number n ͑for each spin͒ one can write the ͑exact͒ ground state as an antisymmetric product of n single electrons states. Since the spin-up and spin-down components of the ground state are identical for the Friedel Hamiltonian we consider for the moment only spinless electrons. The single-electron eigenstates of the Friedel Hamiltonian are given by ͑in the following, single electron states are denoted by their creation operators͒
Details are given in the Appendix. The exact n-electron ground state is given by
where ⌽ 0 is the vacuum state. Inserting ͑2͒ into ͑3͒ yields
where ⌿ n and ⌿ n−1 are ͑complicated͒ n-and ͑n −1͒-electron wave functions composed of s electrons only ͑see the Appendix͒. On first sight it might appear surprizing that one can find a special basis ͕a i * ͖ with ͑0 ഛ i ഛ N −1͒ in the s-electron Hilbert space in which ⌿ n and ⌿ n−1 are exactly presented by
This exact relation can be proven by geometrical considerations in the ͑N +1͒-dimensional Hilbert space of d and s electrons.
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A. Ground state of the Friedel Hamiltonian
In the basis ͕a i * ͖ the exact ground state of the Friedel Hamiltonian takes the form 33, 32 ⌿ Fr = ͑AЈa 0 * + BЈd
The state a 0 * is a localized state which is built from the states of the s band,
The a i 
In this new basis the Friedel Hamiltonian ͑for each spin͒ can be written as
͑7͒
where
In the Hamiltonian ͑7͒ the first three terms represent the free electron Hamiltonian. 
B. Mean-field solution of the Friedel-Anderson Hamiltonian
Now we return to the Friedel-Anderson Hamiltonian. Anderson derived a mean-field solution for its ground state which is the product of two Friedel ground states, as given by Eq. ͑4͒, one for spin-up and one for spin-down. Therefore this mean-field solution ⌿ mf has the form
͑9͒
The wave function ⌿ mf yields exactly the same state as Anderson's mean-field solution if one uses the correct states a 0+ * and a 0− * and coefficients A + , B + , A − , B − . These can be obtained by variation ͑see the Appendix͒ fulfilling the condition ͑10͒ or analytically. 32 One can expand the two brackets of ⌿ mf in Eq. ͑9͒ and rewrite the state as
If one varies in ͑11͒ the states a 0+ * , a 0− * and A , B , C , D replacing the condition ͑10͒ by ͑12͒,
then one obtains a modified state. We denote this state as the ͑potentially͒ "magnetic state" ⌿ MS . The energy of ⌿ MS lies clearly below the energy of the mean-field solution ⌿ mf . The magnetic state ⌿ MS requires a much larger value of U than ⌿ mf to form a magnetic moment. The critical value of the Coulomb exchange energy U cr is almost twice as large as in the mean-field solution.
Since in many calculations of the magnetic moment of impurities the mean-field approximation is used one must reevaluate the resulting moments. This may also apply to the impurity calculations which use the spin-density-functional theory because in the majority of these calculations the mean-field theory is used in the final analysis.
Each of the four states ⌿ A , ⌿ B , ⌿ C , and ⌿ D is normalized and they are all orthogonal to each other because they differ in the occupations of the d + * or d − * state. In Fig. 1 the four components ⌿ A , ⌿ B , ⌿ C , and ⌿ D of the state ⌿ MS are graphically shown.
C. The singlet state
The ground state of the Friedel-Anderson problem is symmetric in spin-up and spin-down electrons. From ⌿ MS one can construct a mirror state by exchanging spin-up and spindown. Combining the two states yields then an approximate singlet state which is denoted as ⌿ SS . It is given by the following expression:
͑13͒
The sign ϯ is chosen so that one obtains an ͑approximate͒ singlet state. ͑If one moves in each term all spin-up creation operators to the left-hand side and all spin-down creation operators to the right-hand side then the plus sign is appropriate.͒ This state is not normalized and the "B" and "C" components are not orthogonal to each other. This introduces some additional terms in the ground-state energy. Furthermore the matrix elements between the states ⌿ MS↑ and ⌿ MS↓ become determinants of single electron matrix elements. This is discussed in the Appendix. For the numerical calculation an s band with N electron states c * is used. The energy scale is logarithmic, as introduced by Wilson 8 in his Kondo paper. The level separation becomes finer and finer when the Fermi energy F = 0 is approached. The number of states N is generally set equal to 40 and it is quoted within the figures. In the discussion ͓Figs. 4͑a͒ and 4͑b͔͒ a criterion is given for checking whether N is large enough. A brief description of these electron states is given in the Appendix.
The ground-state energy of the singlet state is shown in Fig. 2 as a function of U with E d =−U /2 ͑stars͒. Its energy clearly lies below the energy of the magnetic state ⌿ MS ͑up triangles͒. For comparison the ground-state energy of the mean-field state ⌿ mf is included in Fig. 2 In the large N f expansion one assumes that the impurity has a large total angular momentum J f ͑J f because this method is often used for f impurities͒. The "spin" has then a degeneracy of N f = ͑2J f +1͒ of the total angular momentum states. In the limit of infinite N f ͑the large N f limit͒ this method yields an exact ground state. For smaller spin, in particular for spin- Gunnarsson and Schönhammer ͑GS͒ ͑Ref. 36͒ applied the large N f method to a finite Coulomb interaction and spin-1 2 , including double occupancy of the impurity level. They calculated the ground-state energy in different approximations. They included up to 10 7 basis states and handled the huge matrices by reducing the problem to a linear eigenvalue problem. GS give their energy parameters in units of eV. In this paper their parameters are denoted with the index GS. These parameters are one-half the bandwidth B GS , the d-state energy E d,GS , the Coulomb energy U GS . For the s-d-hopping transition they use an elliptic form
where g͑͒ is the density of states ͑per spin͒. All these parameters are energies or potentials. By dividing these energy parameters by B GS one obtains the appropriate parameters for the present calculation. When the numerical calculation is completed the resulting ground-state energy must be multi- For V GS = 2 eV the ground-state energy of the present calculation lies even below the value of the 1 / N f expansion, as shown in Table II .
The state g requires the variation of more than 15 6 , i.e., more than 10 7 amplitudes. In the present calculation the singlet state requires the variation of 2N = 60 amplitudes. Keeping this in mind, the resulting ground state of the present calculation is rather compact.
B. Properties of the artificial Friedel resonance state
The states a 0+ * and a 0− * are of particular importance of the present treatment of the Friedel-Anderson impurity. They determine the rotation of the s-electron basis in Hilbert space and therefore the solution of the problem. We analyze the composition of a 0± * in terms of the original s-state energies 
In Figs. 3͑a͒ and 3͑b͒ the coefficients ␣ + 0 and ␣ − 0 of the states a 0+ * and a 0− * are plotted for the parameters: U Coul =1, E d = −0.5, ͉V sd ͉ 2 = 0.1 and the number of s states is N = 32. One recognizes that the amplitudes at large absolute energies are very different for spin-up and spin-down. They are almost mirror images.
This difference in the amplitudes of a 0+ * and a 0− * indicates that the singlet state is composed of magnetic substates, i.e., the states ⌿ MS ͑↑↓͒ and ⌿ MS ͑↓↑͒ in Eq. ͑13͒ have opposite finite moments. This can be understood in the following sequence of reasoning:
͑i͒ Since the energies E ± ͑0͒ are given by E ± ͑0͒ = ͚ ͉␣ ,± 0 ͉ 2 ͓see Eq. ͑8͔͒ one recognizes that E − ͑0͒ Ͻ 0 and E + ͑0͒ Ͼ 0. ͓Here one must keep in mind that we have a logarithmic scale. The four amplitudes on the right-hand side of Fig. 3͑a͒ or Fig. 3͑b͒ ͑i. For the analysis at small energies we plot the occupation density ͉␣ 0± ͉ 2 / ͑E + E −1 ͒ as a function of . In Figs. 4͑a͒ and 4͑b͒ these densities are shown for N = 32 and N = 48. In the latter case the energy interval next to the arrow ͑zero energy͒ is 1/2 8 times smaller than for the lower plot. Obviously the subdivision at the Fermi energy is not yet sufficiently small at the lower plot for N = 32.
While amplitudes and occupations for large energies were rather different for a 0+ * and a 0− * the occupation at small energies is almost identical. This is shown in Fig. 5 where the occupations of a 0+ * and a 0− * are plotted in the same figure. At energies close to the Fermi energy the occupation of a 0+ * and a 0− * are essentially identical. On a linear energy scale at small energies the plots in Fig. 4͑b͒ and Fig. 5 are essentially identical.
The average occupation density of the states a 0+ * and a 0− * is 1 / 2 since the band ranges form −1 to +1. Therefore a density of more than 100 is quite large. The AFR states have weight at small and large energies. The weight at large energies is responsible for the large "perturbative" part of the ground-state energy. The weight at small energies is responsible for the anomalous behavior at low temperatures, the Kondo effect. by numerical variation which rotates the s-electron bases in Hilbert space. This ansatz is exact for a spin degeneracy N f of "1" and infinity. The properties of the singlet state are investigated. Its ground-state energy and the occupations f 0 , f 1 , f 2 of the d states are in very good agreement with the extensive calculations by Gunnarsson and Schönhammer using the large N f expansion. However, while in the large N f expansion one must go to a large basis of states to obtain a good groundstate energy the present solution is extremely compact.
The spectral composition of the two AFR states is quite interesting. Their composition is quite different away from the Fermi energy. Close to the Fermi energy one finds a large peak in the occupation density which saturates only for very small energies. This low energy occupation is essentially identical for the spin-up and the spin-down AFR state.
A detailed analysis of the present solution is planned. For example, the construction of the triplet state and the calculation of transport scattering by the impurity in this ground state are desirable. Above all, it is of interest whether an extension of the presented solution can contribute to the periodic Anderson impurity problem.
APPENDIX
Friedel's resonance Hamiltonian
The Friedel Hamiltonian has the form
͑A1͒
The single-electron eigenstates b j * of the Friedel Hamiltonian consist of a superposition of all s states plus the d state,
The coefficients are given in terms of the new eigenenergies E j ,
The latter are determined by the implicit relation,
The n-electron ground state is simply the product of the n lowest single electron states,
where ⌽ 0 is the vacuum state. Inserting ͑A2͒ into ͑A3͒ yields 
In the special basis ͕a i * ͖ the n-electron eigenstate of the Friedel Hamiltonian can be written as
Wilson's s-electron basis
Wilson 8 in his Kondo paper considers an s band with energy values ranging from −1 to 1. In the next step Wilson replaced the continuum of s states by a discrete set of states. This is done on a logarithmic scale. The discrete energy values are 1, 1 / ⌳, 1/⌳ 2 , etc., and −1, −1 / ⌳, −1/⌳ 2 , etc., where ⌳ is a parameter larger than one. ͑In this paper ⌳ = 2 is chosen.͒ These discrete points are used to define a sequence of intervals: the interval ͑for Ͻ N /2͒ is −1 =−1/2 In step ͑1͒ one forms a normalized state a 0 * out of the s states with
The coefficients ␣ 0 can be at first arbitrary. One reasonable choice is ␣ 0 =1/ ͱ N.
In step ͑2͒ ͑N −1͒ new basis states a i * ͑1 ഛ i ഛ N −1͒ are formed which are normalized and orthogonal to each other and to a 0 * . In step ͑3͒ the s-band Hamiltonian H 0 is constructed in this new basis. One sets the state a 0 * at the top so that its matrix elements are H 0i and H i0 .
In step ͑4͒ the ͑N −1͒-sub-Hamiltonian which does not contain the state a 0 * is diagonalized. The resulting Hamilton matrix for the s band then has the form
.
͑A5͒
The creation operators of the new basis are given by a new set of ͕a i The rotation leaves the whole basis ͕a 0 * , a i * ͖ orthonormal.
Step ͑4͒, the diagonalization of the ͑N −1͒-sub-Hamiltonian, is now much quicker because the ͑N −1͒-sub-Hamiltonian is already diagonal with the exception of the i 0 row and the i 0 column. For each rotation plane ͑a 0 * , a i 0 * ͒ the optimal a 0 * with the lowest energy expectation value is determined. This cycle is repeated until one reaches the absolute minimum of the energy expectation value. In the example of the Friedel resonance Hamiltonian this energy agrees numerically with an accuracy of 10 −15 with the exact ground-state energy of the Friedel Hamiltonian. 33 For the Friedel-Anderson impurity the procedure is stopped when the expectation value changes by less than 10 −10 during a full cycle.
The effective s-d matrix element for the multielectron states
The calculation of the energy expectation value requires the calculation of many-electron matrix elements in different bases. We sketch here an example. We consider the more general case that we have two wave functions 
The only term in H sd + which yields a nonvanishing contri-
This matrix element contains
͑a͒ the multiscalar product of the two n electron states for spin-down 
͑A7͒
When the two AFR states are identical then the underlying matrix becomes the unity matrix. Part ͑b͒ yields 
͑A8͒
Details of the comparison with the Gunnarsson and Schönhammer numerical evaluation
Gunnarsson and Schönhammer ͑GS͒ ͑Ref. 36͒ applied the large N f method to finite Coulomb interaction and spin-1 2 . They calculated the ground-state energy in different approximations. Since it is interesting to compare their results with the present calculation this paper briefly sketches the different states they considered. The corresponding graphical sketch of these states can be found in Fig. 1 of Ref. 36 . These states are collected in Table III . The first column gives the GS code for the state, the second column shows in which power of the 1 / N f expansion the state occurs, the third column gives the occupation of the d level in the considered state, the fourth column the number of holes and electrons ͑above the Fermi energy͒ in the s band, and finally the fifth column gives the number of amplitudes ͑parameters͒ which one must optimize in the numerical evaluation ͑again N is the number of band states in the numerical evaluation͒. As an example the state d is part of the ͑1/N f ͒ 1 expansion, it has, for example, the d↑ state occupied, the s band has one hole in the s↑ band, another electron-hole pair is either in the s↑ or s↓ band. The total multiplicity of the state d is therefore 2 ϫ ͑N /2͒ ϫ 2͑N /2͒ 2 . The prefactor 2 ϫ 2 is replaced by "␣" in column 5 ͑␣ ജ 1͒.
GS use a ͑different͒ exponential energy mesh of the form i = ±͓␣ − exp͑x i ͔͒. They use the value ␣ = 0.2, and x i lies in the range ͓ln͑␣͒ ,ln͑␣ + B GS ͔͒ = ͑−1.6094, 1.8245͒. This means x i takes the values x i =ln͑␣͒ + i / N ‫ء‬ ͓ln͑␣ + B GS ͒ −ln͑␣͔͒. GS used for N the values 9, 19, 29 and extrapolated to N → ϱ. For this comparison we use the corresponding energy mesh and extrapolation. The only difference is that the calculation in this paper the i yield the energy frame and the energy states lie in the center between two i whereas GS used the i as their energy states. After the extrapolation towards N → ϱ this difference should be negligible.
The energy dependent s-d matrix element V͑͒ adds a complication in the numerical evaluation. It varies strongly with energy. Here, we average ͓V͔͑͒ 2 over each energy range. 
